
APPENDIX 3.  Phosphorus Management Model 
 
Environmental benefits 
 
The link between historical events and behavior is at the foundation of many 
contemporary decision-making theories  (Kumar and Kumar 2008).  In 1969, a fire on the 
Cuyahoga River, one of Lake Erie’s major tributaries, captured national attention and was 
the subject of a Time Magazine story (USEPA 2009).  Events of this magnitude can make 
lasting impressions on the public.  Episodic inedible algae blooms, such as the 
cyanobacterial blooms recently observed in western Lake Erie (Vincent et al. 2004), can 
also impact public perception.  These events result in decreases in water clarity, sewage-
like stench, and potential health risks to beach-goers (Codd 2000).  In our model, the 
variable environmental benefits (Be) is a function of the number of days for which the 
mean bay-wide Secchi depth is below a defined value representing the threshold that 
triggers negative public reaction to water quality (SD_bar).  These negative ecological 
events represent days when conditions are favorable for excessive algal growth and/or 
cyanobacterial blooms. 
 
For each day during the year:       [A3.1] 
 if [Secchi Depth(t) < SD_bar] 
 then [NE(t)  = NE(t-1)  + 1] 
 else [NE(t)  = NE(t-1)] 
 
where NE, the number of negative ecological events, is reset to 0 at the start of each year. 
 
Knetsch (1997) cites evidence strongly suggesting that people weigh changes in 
environmental quality in terms of a reference point that is largely dependent upon 
“expectations of normalcy and what people regard as fair.”  Utilizing a water clarity 
reference point (Se) and following Chen et al. (2009), we calculate each year’s Be as: 
 
Be   =  Sec0 / [1 + Sec1*(NE / Se)Seq]      [A3.2] 
 
where, Sec0 = theoretical pristine level of ecosystem services, Sec1 = slope coefficient, 
NE = the total number of poor water clarity days, Se = the theoretical number of poor 
water quality days acceptable to enjoyers, and Seq determines the number of poor water 
clarity days at which Be starts to degrade. 
 
This function is steeper in the domain of losses (increasing number of poor water clarity 
days) relative to the reference state due to evidence that individuals’ unwillingness to 
accept losses of an environmental entitlement below their reference point are generally 
higher than their willingness to pay for gains of the same magnitude above their reference 
point (Knetsch 1997).  For example, Ara (2007) found that the magnitudes of changes in 
home values in the Lake Erie region were significantly greater for water clarity decreases 
than for water clarity increases.  In our model, once the number of poor water clarity days 
is above 60 (2 full summer months), the system is considered extremely polluted and 
further degradation results in minor decreases to Be.   



Production benefits 
 
Previous social-ecological eutrophication models have assumed a linear relationship 
between nutrient loading rates and the benefits of activities that result in that loading 
(Carpenter et al. 1999a; Carpenter et al. 1999b; Ludwig et al. 2003).  We make the same 
assumption here for production benefits (Bp):  
 
Bp = (P Load Factor) * b       [A3.3] 
 
where, P Load Factor is a factor that adjusts external phosphorus loading relative to 
baseline values and b is a calibrated constant that converts external phosphorus loading 
level to benefits. 
 
Total net benefits 
 
Despite the fact that it is not utilized to determine management change, specifying total 
net benefits (Bnet) was necessary for assessing the impacts of external management and 
internal ecosystem change on a system-wide level.  Bnet is calculated using a Cobb-
Douglas form (Varian 1992): 
 
Bnet = Be

θe * Bp
θp        [A3.4] 

 
where, θe and θp reflect the weight of Be and Bp, respectively, in regards to Bnet.  In this 
study, we assumed that θe = θp and θe + θp = 1, therefore Be and Bp carry equal weight in 
terms of Bnet. 
 
Stakeholder pressure functions 
 
We derived similar functions to the political-pressure supply functions for both sides of a 
conflict over pollution tax developed by Magee et al. (1989) (also presented in Scheffer 
et al. 2000) to determine management pressures resulting from affectors and enjoyers 
based on external phosphorus loading management and freshwater ecosystem services, 
respectively.  During each economic evaluation, Be is compared to a theoretical reference 
benefit Be_bar representing a restored ecosystem with no perceivable pollution 
symptoms.  In this case, Be_bar is defined so that it is equal to Be when NE = 0 (Be_bar = 
Sec0).   
 
Environmental stakeholder pressure (Esp) is calculated as:   
 
dEsp/dt = (Be_bar – Be) * λe       [A3.5] 
 
where λe represents the political power of enjoyers and transforms benefits into 
management pressure. 
 



If Be < Be_bar, we assume lake enjoyers are dissatisfied with current ecosystem 
conditions, resulting in lobbying for stricter management policies (positive Esp).  If Be > 
Be_bar, lake enjoyers are satisfied with local water quality and unlikely to push for 
stricter management (negative Esp).  
 
During each economic evaluation, Bp is compared to a theoretical reference Bp_bar set 
equal to b.  This definition sets Bp equal to Bp_bar at t = 0 when the P Load Factor is 1.  
Each economic evaluation results in the alteration of phosphorus stakeholder pressure 
(Psp), which reflects management pressure from affectors: 
 
dPsp/dt = (Bp – Bp _bar) * λp       [A3.6] 
 
where λp represents the political power of affectors and transforms benefits into 
management pressure. 
 
If Bp < Bp_bar, we assume lake affectors resist stricter management (negative Psp). 
Therefore, any increase in management above initial conditions results in a more negative 
Psp value.  If Bp > Bp_bar, we assume affectors are willing to comply with proposed 
increased management policies (positive Psp).  Since Bp is initially equal to Bp_bar and 
Be(0) < Be_bar, positive Psp is not encountered in the model configuration for Sandusky 
Bay.  
 
We assume that λe = λp and Be_bar = Bp_bar, therefore the model converges upon a 
stakeholder pressure equilibrium point where Esp  = -Psp. 
 
Phosphorus management 
 
Our model simulates the actions of a policy maker who reacts solely to stakeholder 
pressures.  The implicit goal of this behavior is to equalize the magnitudes of the positive 
management pressure from ecosystem enjoyers and the negative management pressure 
from ecosystem affectors.  Following economic evaluations, P management level (M) is 
determined by the values of Esp and Psp: 
 
dM/dt = Esp(t) + Psp(t)        [A3.7] 
 
Management change occurs automatically every five years during model simulations.  At 
these times, Esp and Psp are based on temporal mean benefits values for the five-year 
period between the previous economic evaluation and the current one.  A P Load Factor 
that adjusts external phosphorus loading is a function of M: 
 
P Load Factor = M-1        [A3.8] 
 
P Load Factor is initially equal to 1.  Therefore, as management increases the P Load 
Factor decreases to a value between 0 and 1.  This value can be used to determine the % 
external phosphorus load reduction (LR) implied by a certain level of management: 



 
LR = (1 – P Load Factor) * 100%    [A3.9] 
 
The relationship between LR and M used here is nonlinear and implicitly accounts for the 
increased operational costs associated with more intensive phosphorus management 
policies (Fig A3.1). 
 
Fig A3.1.   
Nonlinear relationship between % external phosphorus load reduction (LR) and 
management level (M).   
 

 
 
For simulations where phosphorus management was made a forcing function (i.e., only 
those used to produce Fig. 6), we utilized a ramp function for M based on the following 
points (time is shown in units of days): 
 
M(1, 1825.9, 3650.8, 5475.7, 7300.6, 9125.5, 10950.4, 12775.3, 14600.2, 16425.1, 
18250) = {1.0, 1.0, 1.2, 1.4, 1.6, 1.8, 2.0, 2.2, 2.4, 2.6, 2.8} 
 
These values of M corresponded to a total linear increase in LR from 0 to 63.2%.  
 
As stated in Appendix 2, external phosphorus loading (Pin) is determined by: 
 
Pin = (P Load Factor) * (Baseline SRP Load * ψ)    [A3.10] 



 
where, Baseline SRP Load is provided by the forcing function data set for the Sandusky 
River between 2002 and 2006 (Appendix 1) and ψ is a calibration coefficient that 
represents the effects of spatial heterogeneity on phosphorus loading.  
 


