
APPENDIX. Further details of the SDP model 
 
SDP models require three essential components: states of a system, transition matrix for each 
strategy, and an objective function. A state defines the status of a system under change and for 
leafy spurge growth we used two states; area and density of leafy spurge. We define area as the 
total area of leafy spurge infestation measured in hectares (ha) and density as individual stems 
per sq. m of leafy spurge. For the SDP we use area and density combinations as the states which 
describe the system. A transition matrix provides information on the probability of moving from 
a current state to a future state in one time interval. This transition probability depends on the 
strategy applied to a current state. An objective function is used by SDP for optimization 
purposes. We defined the objective function in terms of monetary welfare of North Dakota 
rangeland. We provide further details of each of these components below. 
 
States of the system 
 
Density and area states were defined based upon the biological simulations. In the simulations, 
the range of leafy spurge density was 18-165 stems/m2. Density state values were set by equally 
spacing them but with the following caveat. Leafy spurge grows slowly, up until a density 50 
stems/m2, and then increases exponentially until it reaches its carrying capacity and hence there 
should be more low density states than high density states for this system. As well, since we are 
interested in the effect of a control strategy on density then we require more low density states 
then high density states. This holds true in our case where control strategies are reducing density 
by 67% to 97% (Table 3). Therefore, we set the lowest density state to be 18 and the highest to 
be 168 with intervals of 10 stems/m2. This results in 16 density states but we also included 3 
additional states by using the mid-points between the states 18, 28, 38, 48.  
 
The spatial extent of infestation from the simulation ranges between 9 and 646,434 ha. We 
discretized the spread trajectory using an exponential function such distance between states 
increased exponentially. We did this because there is a lag-phase in leafy spurge spread which if 
not captured by the area states would have resulted in the transition matrix incorrectly describing 
the system. For the transition matrix we used a single state index which corresponded to an area 
and density state thus results in 4180 total states (=220 area states ×19 density states). 
 
Transition matrix 
 
Transition matrices were 4180x4180 cells for our system. We constructed separate transmission 
matrices for each control strategy of no control, bio-control and herbicide control. Further, for 
bio-control, the history of control influences the efficacy – one year of control is 67% effective, 
two year is 76% effective, three years is 81% effective, and four and greater is 97% effective. 
Thus, the typical SDP formulation needs to be modified to incorporate temporal dependencies. 
To do so, we included a time dimension in the transition matrix (matrix size: 4x4180x4180), 
such that the current state also depends upon how long bio-control efforts have been applied. 
This would affect the future state (e.g., if bio-control has already been applied for one year, and 
the current strategy was to reapply again, the future state that would be entered would be two 
years of bio-control application). 
 



To estimate the probabilities in the transition matrix, we first recorded the average density and 
total area of spread for each year of the biological simulation for 100 simulations. We recorded 
the area and density before and after applying a control strategy in each year of the simulation 
(see details below). This provided us with 8,100 records of current and future area and density 
values. Second, we calculated the total number of times a current state (i) goes into a future state 
(j), call this iT, and the number of times it does so for a given future state, call this ij. Lastly, we 

calculate the probability (pij) of a current state going into a future state as 
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Now we further describe how a control strategy was applied in the biological simulations. In the 
absence of applying any control strategy we could simply use the results from the simulations. 
When a control strategy is applied and thus density reduced then we can not be sure that the 
simulations are appropriate anymore since low densities may not occur for high areas of spread. 
This would not provide us with enough information to calculate transition matrices for the bio-
control and herbicide strategies. Also we assumed that complete eradication does not occur in 
our system and therefore spatial extent is not reduced but density only. Thus, for each of the 
8100 states, we simulate control measures by reducing density in the CML model and then 
determine how the environment would change in the next time interval (i.e. where the system 
will go next in terms of  density and area of spread). The following algorithm was followed to 
generate the appropriate raw data to calculate transition matrices for bio-control and herbicide 
control strategy. 

 
1. Record average density and total area at year t before simulating growth. Let Davg,t and At 

be this average density and total area (the current state of the system) in the absence of 
control. 

2. Determine density state, di,t such that di,t > Davg,t ≥ di-1,t, where i  ≤ 19 (the number of 
density intervals). 

3. Now allow the system to grow. 
4. Record the average density (dt+1) and total area (At+1) at t+1 as the future state. 
5. Repeat steps 3 and 4 but at step 3 reduce the average density of the system to di-1,t before 

growth (di,t  is the maximum defined by the absence of control). 
6. Continue the simulation by simulating growth and spread in next year using the densities 

simulated in the absence of control. 
7. Repeat steps 1-6 until end of simulation (i.e. for t=81 years) 

 
With the data now at hand, we constructed the transition matrix for the no control strategy and 
from it for the other two strategies. We did so for the other strategies by conditioning the no-
control matrix such that if the density in the current state was reduced by X% then that row 
would be replaced by the corresponding reduced density state. Since the above algorithm 
guarantees that all lower density states exist for any current state then this procedure is 
guaranteed to work. 
 
Welfare function 
 
From eqn. [11], we describe R(i) below. R(i) may also be written as R(a,d) where a and d 
correspond to the area of infestation and average density of leafy spurge, respectively, for state i. 
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Substituting known values from the literature eqn. [11] becomes,  
 

( )( )( dQadaR )−−××= 111.44471427.314$),(  (A2) 
 
Q(d) describes proportion of AUMs lost due to density of leafy spurge. All other values are 
obtained from the literature. 
 

⎩
⎨
⎧

>
≤×

=
1050

105,1.2069+-0.0115
)(

d
ddd

dQ       (A3) 

 
Q(d) is determined by quantifying the known relationships of canopy cover with grazing 
utilization and density. Bangsund et al. (2001) describe canopy cover as a decreasing function of 
grazing utilization for leafy spurge. 
 
Canopy cover (%) = -0.30 × Grazing utilization + 30     (A4) 
 
Grazing utilization is % of uninfested carrying capacity of a patch or put another way it measures 
the % of carrying capacity available in terms of AUMs/ha. Canopy cover of 30% corresponds to 
a leafy spurge density of 80-130 stems/m2. Taking the mid-point of this range as 105 stems/m2 
and assuming 0% canopy cover equals the minimum density in the SDP model which was 18 
stems/m2 the relationship between canopy cover and density was determined as, 
 
Density (stems/m2) = 2.90 × Canopy cover (%) + 18     (A5) 
 
Through simple algebraic operations on equation [13] and [14] the relationship between density 
and grazing utilization was calculated as, 
 
Density (stems/m2) = -0.87 × Grazing utilization + 105    (A6) 
 
Assuming a total of 3.7 AUMs available on uninfested rangeland the relationship between leafy 
spurge density and percentage of AUMs lost was calculated as Q(d). For densities >105 
stems/m2 it was assumed that all AUMs available were lost.  
 
Cost of leafy spurge control is calculated based upon values from the literature (Table A1). For 
the bio-control strategy, the cost is based upon the most reliable data which came from a study 
on dropping flea beetles from a helicopter (University of Idaho Extension 2001). Herbicide costs 
are estimated by adding the cost of chemical and application. The cost of application listed in the 
literature differs depending upon the area of application. 
 
 
 
 



 
Table A1. Cost of control strategies for leafy spurge in North Dakota per hectare of leafy spurge 
infestation. 
Strategy Cost($)/ha of leafy spurge Notes and references 

No 
control 

0  

Bio-
control 

18.53 University of Idaho Extension (2001) 

Herbicide 
control 

185.25, if area <40ha  
80.28, if area >40ha 

 

Colorado Natural Areas Program (2000) reports 
cost of $5-$20/acre for herbicide and $50-$75/acre 

for application in areas less than 100 acres. As 
well, they reported a cost of $20/acre for aerial 

application of larger areas. All values were 
converted to $/ha and averages were taken where 

cost was given in a range.  
 


